Since governments give stimulus to firms and expect the spillover effect by fiscal policies, it is important to know the effectiveness that they can control the economy. To clarify the controllability of the economy, we investigate a firm production network observed exhaustively in Japan and what firms should be directly or indirectly controlled by using control theory. By control theory, we can classify firms into three different types: (a) firms that should be directly controlled; (b) firms that should be indirectly controlled; (c) neither of them (ordinary). Since there is a direction (supplier and client) in the production network, we can consider controls of two different directions: demand and supply sides. As analyses results, we obtain the following results: (1) Each industry has diverse share of firms that should be controlled directly or indirectly. The configurations of the shares in industries are different between demand-and supply-sides; (2) Advancement of industries, such like, primary industries or other advanced industries, does not show apparent difference in controllability; (3) If we clip a network in descending order of capital size, we do not lose the control effect for both demand-and supply-sides.
Introduction
Since the economy is not fully understood regardless of the long history of economic studies, governments have to intervene it without assurance so that they can lead the economy to a desirable state, which has been considered necessary. Concretely, governments give stimulus to firms and prompt the spillover effect by purchasing goods and services, giving grants to firms, or fine-tuning taxes and so forth. These are demand-side stimulus. In addition, there is an opposite way of such policies. If scarcity of some production is considered a bottleneck of following productions, governments can help the production by importing goods, and again, giving grants to firms or fine-tuning taxes and so forth. These are supply-side stimulus. Those actions taken by governments are called fiscal policies as opposed to financial policies. Govenments have considered fiscal policies an important determinant of growth [1, 2] .
When governments conduct those demand-or supply-side fiscal policies, they need an estimation of the effect, especially an estimation of spillover effects. Generally, the estimation is being based on input-output tables [3] , which are matrixes of transaction volumes between industries. It enables us to obtain an estimation of spillover effects caused by stimulus.
The input-output table is a matrix and therefore, all industries are fully connected, which means every industry has a connection with every other industry. However, actual production networks consist of one-to-one connections between firms, not the aggregate connections in industries. What we can imagine is that some firms are not reachable from some firms and that some firms are susceptible to the spillover effect.
Although the input-output table is a strong tool to predict mass influence of a change in industries to others, the diversity in reachability and susceptibity in firms cannot be obtained. Knowing the diversity is important because if some firms are not reachable, it causes the disparity between firms in the sense of benefit of fiscal policies. Even if the disparity is not evitable, it is still imporant to know the outcome of the conducted policies.
This study reveals what firms should be directly/indirectly controlled and the configuration of them in each industry. Furthermore, we analyze how different clipping of the network affects controllability to reveal controllability with limited budget. We use exhaustive transaction data of firms in Japan and control theory [4] .
The remainder of this paper is organized as follows. In Section 2, we introduce the dataset. Section 3 describes the methodologies that we utilize in analyses. Section 4 presents the results. The datasets are provided by the Research Institute of Economy, Trade and Industry (RIETI). In particular, we use the dataset collected in 2012. As necessary information for our study, we use identification, capital, industry type, suppliers and clients. We construct an entire network of firms based on suppliers and clients. Note that there are up to 24 suppliers and up to 24 clients for each firm in the data. It may be considered that the constraint limits the number of links for each node.
However, a node can be suppliers of other nodes without limitation, as long as those clients designate the node as a supplier of firms, and vice versa. Therefore, the numbers of suppliers or clients are not limited to 24. The number of firms, that is, nodes, is 1,109,549. The number of supplier-client ties, that is, links, is 5,106,081. This network has direction and the direction is utilized in our study.
We split firms based on industries. The industries are classified by the Japan Standard Industrial Classification [5] . We mainly use the division levels that have 20 classifications. However, we make alterations to the classification. Since the classifications "S: Government, except elsewhere classified" and "T: Industries unable to classify" are less important in our study, we omit them. In addition, we separate "I: Whole sale and retail trade" into wholesale and retail. The difference of the divisions is not negligible in our study because controls from outside, such as fiscal policies, often occur in retail. Therefore, the division level in our study after alterations shows 19 industries. Figure 1 shows the degree distribution of the observed network. The red plots are the distribution of the observed network. An important point is that the distribution is fat-tailed, which means the distribution does not decay super-linearly. It seems that we can fit plots to a line P ∝ k −λ , where P is the cumulative probability, k is the degree, and λ is a positive constant. If a probability distribution or a cumulative probability distribution can be fitted to a line, it is said that the distribution is a power-law distribution. A network with a power-law distribution is often called a scale-free network.
If the degree distribution is the normal distribution, the plot is shaped as the blue plots in Figure 1 .
Since normal distribution exponentially decays, we can observe the blue plots decrease super-linearly on the log-log plot. How to create the random network is explained in Section 4. The reason we should compare the observed network with the random network is that we conduct statistic tests in Section 4.
[ Figure 1 here]
Methodology
We use control theory [6, 7, 8, 4 ] to know which nodes are pivotal to control a network. Here, control means that through directly controlled nodes, other nodes are controlled indirectly. Control theory tells us whether an entire network is directly/indirectly controllable with a given set of nodes that are controlled directly. "Controllable" means that an arbitrary state of a network can lead to any desired state. We do not have assumption as to what is the "state" of firms in this study. For example, the state can be sales or capitals. However, as we will explain in this section, we only consider whether firm A can affect firm B or not and do not consider volume of trades between them.
Controllability fits with the motivation for fiscal policies. This is because governments provide stimulus to a certain set of firms and they try to control firms indirectly.
Control theory can be described formally as follows. A link indicates that there is a relationship
in which one node affects another. In addition, we can assume that a network receives stimulus from the outside and propagate the stimulus through a given relationship. Based on this setup, we simply consider the following equation to depict the system.
where the vector x(t) = (x 1 (t), . . . , x N (t)) T is a state of N nodes at time t, the N × N matrix A is a diagram of links, the vector u(t) = (u 1 (t), . . . , u M (t)) T signifies the strength of outside controllers, and the matrix B is the N × M matrix (M ≤ N ) that indicates which drivers (nodes that take stimulus from outside) are connected to outside controllers. The system depicted by the equation is
has full rank. That means rank(C) = N. Figure 2 shows an example of a simple system. There is a network with four nodes and four links. In addition, there are two outside controllers. The matrixes A and B correspond to the network. The network is controllable. There are two outside controllers in the example but one outside controller is in theory enough to control for any network.
[ Figure 2 here]
Once a set of drivers is given, we can calculate controllability. However, if we aim to test all sets of drivers, the calculation time is O(2 N ). The observed data are N = 1, 109, 549 and it is obvious that we cannot test all sets without thinking. Moreover, since a set of drivers that corresponds to all nodes can obviously control a network, finding the sets for a minimum number of drivers is also important. Sets of drivers have multiple configurations, even if they have a minimum number of drivers. Liu et al. developed an algorithm to effectively obtain all sets of drivers that are controllable [4] .
We return to Figure 2 to consider the example. The nodes x 1 and x 2 are drivers in panel (a).
However, it is obvious that we can choose x 1 and x 3 for drivers and those are also a minimum set of drivers. The variable configuration gives us the following distinctions for nodes: (1) necessary driver: a node that is always chosen as a driver in any configuration of drivers; (2) necessary follower: a node that is never chosen as a driver in any configuration of drivers; and (3) ordinary: a node that is possibly chosen as a driver.
Required condition for necessary driver is very easy. If a node does not have a in-coming link (in-degree), the node is a necessary driver. Though the condition for necessary driver is easy to be understood, one for necessary followers is not. First, a necessary follower should have a link from another node. We call the source-of-link node a parent node and the target-of-link node a child node.
If parent node(s) do not have other child nodes, or if parent node(s) have other child nodes and the number of child nodes do not excess one of parent nodes, the original child node is a necessary follower.
Fiscal policy and control theory are compatible. For example, it is seemingly more efficient not to choose necessary followers as targets of the fiscal policy than ordinaries or necessary drivers, because we can expect that indirect effects are delivered to necessary followers.
Results

Control by demand
We discuss demand-side control, which means governments let drivers buy more (possively less) products, and the increase (or decrease) of demand is delivered to suppliers. Therefore, control direction is from a client to a supplier. If a firm has a client, the firm can be controlled indirectly.
The demand-side control means that governments give stimulus to specific firms on the assumption that the propagation of the stimulus provides benefit to entire economy.
The results of the calculations are given in Figure 3 . The large share of necessary drivers means that the industries require direct controls. Most service industries, including retail, have relatively large shares of necessary drivers. This is mainly because a lot of firms in those industries do not have clients of firms and are connected to only final consumers. In fact, we observe that the degree and the firm size have strong correlation. Therefore, one of the strong causes of the result seems that small firms are included into the industries.
[ Figure 3 here]
On the other hand, a necessary follower is a firm that should be controlled indirectly. We can observe mining, manufacturing, and wholesale have relatively large shares of the necessary followers from Figure 3 . The large share of necessary followers means that the industries can be controlled indirectly more easily than other industries. Though necessary drivers tend to be small firms as explained above, there is no such apparent attribute for necessary followers. However, as is already mentioned in Section 3, necessary followers have as many as or more parent nodes. It can be assumed that an industry with large share of necessary followers has more competitive situations for clients. This is because there are more clients than suppliers. If a market of a product is well recognized and a product becomes commodity, it is natural that there are a lot of clients for the product.
Since firms can be classified into necessary drivers, necessary followers, and ordinary, they do not have equal sensitivity to the indirect effect. Therefore, control by governments is inequitably propagated to firms, which causes disparity between firms and the penetration of the fiscal policy may not be uniform. If the fiscal policy is based on a trickle-down hypothesis, which means that propagtion is equally propagated, the implication posed by this study should be considered.
Since it is always difficult to affect the entire economy through fiscal policy, it is useful to know what happens if we consider a partial network. Therefore, we apply control theory to clipped networks. We examine two different ways to clip the observed network: random clipping and capital-order clipping. In random clipping, a certain amount of nodes are chosen randomly from the observed network and links that connect the chosen nodes are also reserved. In capital-order clipping, a certain amount of nodes is chosen by the descending order of the firm's capital size from the entire network and links between them are reserved.
We clip the observed network with five different fractions: 2 −1 , 2 −2 , 2 −2 , 2 −4 , and 2 −5 . For example, if the fraction is 2 −1 , the observed network is clipped into a half size in the sense of the number of nodes. We obtain unique networks from capital-order clipping but random clipping is not unique. Therefore, we obtain 10 samples for each fraction for random clipping and acquire mean and standard deviation. Figure 4 corroborate the earlier discussion in Figure 3 . Since small firms tend to be the necessary drivers, capital-order clipping can avoid those small firms to be chosen.
[ Figure 4 here]
Here, we discuss more detail of the results. For scale-free networks, it is analytically shown that ratio of drivers depends only on the exponent of the degree distribution and the average of the degree [4] . (Note that the necessary driver is a part of the driver.) The equation is Figure 5 shows the degree distributions of the capital-order clipped networks. We observe that all networks are scale-free networks and the capital-order clipping retains the shapes, which means the exponents seem to be a constant. Since small firms roughly have small degrees, they are cut first in capital-order clipping. As a result, the remaining firms are densely connected. Actually, the mean degree k for the fractions 2 0 , 2 Therefore, the mean degrees increase as the fraction becomes smaller. The equation shows that a large mean degree should result in a small ratio of drivers n d . On the other hand, we observe the ratio of the necessary driver for capital-order clipping is almost constant in Figure 5 . Since te necessary drivers are part of drivers, the ratio of the necessary drivers to drivers increases for small networks. We can interpret this result as meaning that capital-order clipping adds importance of necessary drivers to control a network.
[ Figure 5 here]
Control by supply
We discuss supply-side control, which means governments let drivers sell more (possibly less) products, and the change of supply is delivered to suppliers. Therefore, control direction is from a supplier to a client. If a firm has a supplier, the firm can be controlled indirectly. The example of the supply-side control is that governments help stopping firms with essential goods because the paucity may stop a lot of other firms' production. Helping stopping firms can help other downstream firms and it can be said governments indirectly control the downstream firms. Figure 6 shows the results of the calculations. The meaning of the figure is the same as Figure   3 . Supply-side control is also inequitably propagated to firms, which causes disparity between firms.
This means that the penetration of the fiscal policy may not be uniform.
The large share of necessary drivers means that the industries require direct controls. Agriculture & forestry, construction, IT, academics, and health & welfare have relatively large shares of necessary drivers. We note that the industries are different from the result of the demand-side control. The necessary drivers in supply-side control means that they have no suppliers. Therefore, first of all, the necessary drivers are relatively small firms as is mentioned in the demand-side control. Moreover, having no supplier is not natural because any firm normally requires some supply. The transaction data we use in this study records suppliers/clients considered important by each firm. Hence, there must be ignored trades for all nodes. This neglect is natural. For example, every firms buy stationery but we do not call them trades. Therefore, having no supplier does not necessarily mean that the firm does not buy anything. Looking back to the industries with a lot of necessary drivers, the feature of not having suppliers is understandable for agriculture & forestry, construction, IT, academics, and health & welfare. However, fishery and mining, that belong to the primary industry, could be such an industry without suppliers but they are not. It seems that those industries in Japan consist of large firms and they tend to have suppliers. 8 [ Figure 6 here] Next, we discuss necessary followers in supply-side control. An industry with a lot of necessary followers can be controlled indirectly more easily than other industries. It was already mentioned that necessary followers have as many parent nodes as them or more parent nodes than them.
Necessary followers have in supply-side control mean having a lot of suppliers. We can observe mining, electricity & gas, and education have the large shares of the necessary followers from Figure   6 . One possible interpretation of being necessary followers in supply-side control is that clients are stronger than suppliers because necessary followers share their parent nodes and there are more parent nodes than them.
We analyze clipped networks by the supply-side control as is already analyzed by the demandside control. Figure 7 shows the results. The meaning of Figure 7 is the same as Figure 4 . As is the same result as the demand-side control, we observe that fractions of necessary drivers decrease or hardly move for capital-order clipping through different fractions and random clipping causes an increase of it. Therefore, this result means, as is already obtained in Section 4.1, that capital-order clipping adds importance of necessary drivers to control a network.
[ Figure 7 here]
Conclusion
This paper analyzed the controllability of the transaction networks in Japan based on exhaustively collected data. By using control theory, we were able to classify firms based on the need to control them. The result showed that firms are clearly classified into groups based on how they should be The control theory we adopted in this study cannot incorporate link weight. However, we may realize it by copying a node that has the same links according to the weight. This should be studied 
